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Abstract
Huge electromagnetic fields are known to be present during the late stages
of the dynamics of supernovae. Thus, when dealing with electrodynamics in
this context, the possibility may arise to probe nonlinear theories. The Einstein
field equations minimally coupled to an arbitrary nonlinear Lagrangian of elec-
trodynamics are solved in the regime of slow rotation, i.e. aM (black hole’s
mass), up to first order in a/M . We use Born-Infeld Lagrangian to compare the
obtained results with Maxwellian counterpart. We focus on the astrophysics of
neutrino flavor oscillations (νe → νµ,τ ) and spin-flip (νL → νR), as well as on
the computation of that the electron fraction Ye, hence the r-processes, which
may significantly differ with respect to the standard electrodynamics.
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1 Introduction
Astrophysical environments provide a laboratory for studying the evolution of neu-
trinos. In these contexts, in fact, neutrino species could find themselves propagating
in the spacetime (the gravitational field) around a (generally rotating and nonlin-
early charged) black hole. In particular, in the case of a collapsing proto-neutron
star (P-NS) or a (just-formed) charged black hole, the spacetime is characterized by
a rotation parameter as well as electric and magnetic fields, which play important
dynamical roles. Both fields are therefore crucial for the physics of neutrino interac-
tions in the very deep interior of a supernova, especially if the electromagnetic field
is overcritical, i.e. one which surpasses the field in which the classical vacuum breaks
down (Schwinger’s limit 4.4× 1013 G [1]).
In this paper we discuss some aspects of neutrino physics in spacetimes where
nonlinear electrodynamics are taken into account. We refer to a representative of them
as a slowly rotating nonlinear charged black hole (SRNLCBH), and we assume that
the nonlinear electrodynamics is described by the Born-Infeld theory (for applications,
see [2]). In particular, we apply the generic results of neutrino oscillations and spin
precession for the Born-Infeld theory, in order to explore their differences with respect
to the Maxwell Lagrangian. We also make use of the effect of frame dragging in axially
symmetric spacetimes to contrast the aforementioned theories. Finally, we discuss the
relevance of the charge of a black hole (nonlinearity of the electromagnetism) for r-
processes. Simple estimates are given in order to assess relevant scales for some
physical processes in the astrophysical context.
2 Nonlinear electrodynamics
Nonlinear electrodynamics (NLED) is a theory to describe electromagnetic interac-
tions in a relativistically invariant set up. Several approaches have been envisioned
[3, 4, 5]. We shall consider the Born-Infeld model, whose Lagrangian density is given
by
LB−I = b2
[
1−
√
1 +
F
2b2
− G
16b4
]
,
where b is the parameter of the model, and
F
.
= F µνFµν , G
.
= ∗F µνFµν , ∗F µν
.
=
1
2
√− det |gµν |µναβFαβ
The Einstein field equations are given by
Gµν = 8pi(T
mat
µν + T
NLED
µν ), T
NLED
µν = 4LFFµαFνβg
αβ − (L−GLG)gµν
where TNLEDµν (T
mat
µν ) is the electromagnetic energy-momentum tensor of the nonlinear
electrodynamics (matter content). In our analysis, we take Tmatµν associated with the
energy-momentum tensor of a black hole spacetime. The generalized Maxwell field
equations are
∂
∂xµ
[
√−g(LFF µν + LG∗F µν)] = 0
2
∂∂xµ
(
√−g∗F µν) = 0 , LF = ∂L
∂F
, LG =
∂L
∂G
We assume that the background geometry is described by Kerr geometry (a = J/M
is the rotation parameter)
ds2 = g00dt
2 + gijdx
idxj − 2a sin2 θA(r)dtdφ
in which the time-time metric component is [6]
g00 = 1− 2u+ 2
3u2
(bM)2
(
1−
√
1 +
α2u4
(bM)2
)
+
2α2u
3
√
bM
|α| F [z,
1√
2
];
here, F [z, 1√
2
] = F
[
arccos
(
bM−|α|u2
bM+|α|u2
)
, 1√
2
]
is the elliptic function of first kind, u =
M/r and α = Q/M . The parameter b is chosen such that bM > 10−4, which is of
interest for astrophysical applications. The function A(r) is determined using the
NLED field equations.
3 Main results
In this Section we report the main results of neutrino flavor oscillations and spin-flip
oscillations in a SRNLCBH [7].
Neutrino flavor oscillations
Neutrino flavor oscillations take place since neutrino flavor eigenstates (|να〉) and
neutrino mass eigenstates (|νj〉) are mixed
|να〉 = Uαj exp[−iΦj]|νj〉, Φj =
∫
gµν(x)p
µ
(j)dx
ν
The transition probability for two-flavored neutrinos is [8]
P (να → νβ) = sin2(2Θ) sin2
(
Φjk
2
)
, Φjk
.
= Φj − Φk
Φj =
∫ rfin
rin
dr
mj
r˙
= m2j
∫
dr√
E2 − g00(r)
[
l2
sin2 θ0r2
− 2ElaA(r)
g00(r)r2
+m2j
]
Therefore, the oscillation length is related to the phase difference Losc ∼ ∆Φjk. For
SRNLCBH one gets
Losc
.
=
dlpr
dΦjk/(2pi)
=
2piE√
g00(m2j −m2k)
, dl2pr =
(
−gij + g0ig0j
g00
)
dxidxj .
Neutrino spin precession
The equations governing the spin Sµ coupling of test particles with the gravita-
tional field are [9]
DSµ
dλ
= 0,
Duµ
dλ
= 0,
3
In the rest frame of the particles
dξ
dτ
= [ξ ×$], $ .=
(
~B +
~E × ~u
1 + u0
)
.
Ei = $0i, Bk =
1
2
ijk$ij, $
ab .= ηacηbdγcdeu
e , γabc
.
= eaµ;νe
µ
b e
ν
c .
The probability of spin-flip (s.f.) for neutrinos in a slowly, rotating and charged
spacetime is given by
Ps.f.(t) = sin2(|∆$|τ) , (∆$)2 = ∂rg00
2r
.
Neutrino oscillations and spin-flip in B-I Lagrangian
Results of the previous subsection (neutrino flavor and spin-flip oscillations) are
reported in Fig. 1. Here the B-I oscillation length and spin-flip frequency are com-
pared with the Maxwell theory.
Maxwell to Born-Infeld BHs oscillation lengths ratio Induced spin-flip frequencies due to slow rotation for Born-
Infeld theory when compared to its Maxwellian counterpart 
for bM = 0.013 and different values of 𝜶 = 𝑸/𝑴
Figure 1: Neutrino oscillation lengths and spin-flip frequency comparison between
the Maxwell theory and Born-Infeld theories.
3.1 Electron fraction Ye in NLED-BH
Finally, we consider the energy spectra of νe and ν¯e outflowing from the inner ejecta of
a type II SN explosion [10]. The aim is to analyze the effects of gravity (gravitational
redshift) on the energy spectra [11].
Let us define the νe neutrinosphere at r
ν−sp
νe and the νe neutrinosphere at r
ν−sp
νe
.
The electron fraction Ye can be written as
Y e =
1
1 +Rn
p
, Rn
p
≡ R0n
p
· Γ, R0n
p
'
[
Lν−spνe 〈Eν−spνe 〉
Lν−spνe 〈Eν−spνe 〉
]
, Γ ≡
[
g00(r
ν−sp
νe
)
g00(r
ν−sp
νe )
]3/2
.
In these equations, Lν−spνe , 〈Eν−spνe 〉 are the averaged νe energy and luminosity as mea-
sured by a locally inertial observer at rest at the νe neutrinosphere (the quantities
characterizing the νe energy and luminosity at the νe neutrinosphere are similarly
defined). The Ye results are shown in Fig. 2.
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Figure 2: Electron fraction Ye vs the antineutrino/neutrino luminosity ratio. We
compare the Schwarzschild electron fraction with the ones coming from Maxwell and
Born-Infeld theories.
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